Abstract-This investigation examines the phenomenology effects of the squint angle on the morphology of moving target smears in spotlight synthetic aperture radar (SAR). This analysis includes both the smears resulting from standard image formation applied to simulated radar measurements as well as the theoretical predictions for the central contours of the signatures. In particular, this paper generates the down-range and cross-range components of the predicted central 2-D contours of mover signatures, including the locations of the cross-range offsets. The analytics for squinted geometry include additional contributions in the signature contour equations that do not arise for the case of broadside imaging. These terms can affect the overall contour morphology, particularly in terms of shape and extent. Numerous examples are presented to demonstrate that the signature prediction equations yield excellent agreement with standard image formation with simulated radar data. Therefore, this analysis can provide an effective tool in predicting the shape, extent, and location of smears due to arbitrarily moving surface targets for squinted spotlight SAR.
I. INTRODUCTION
A RECENT analysis [1] has developed methods for predicting the signatures induced by moving surface targets in spotlight synthetic aperture radar (SAR) imagery for the case of a broadside imaging geometry, i.e., with a zero radar squint angle. This prior analysis applies an analytic power series expansion to subaperture phase history data in order to determine the 2-D shape, extent, and offset of the central signature contours induced by a surface target with arbitrary motion. In addition, initial studies [1] , [2] have examined the properties of mover signatures for different cases of true target motion. The resulting analytic signature prediction equations yield excellent agreement with the results of SAR image formation algorithms applied to simulated radar measurement data. These analyses have revealed that complicated smears can occur within SAR imagery for maneuvering targets that are not moving with constant speed and heading. For these cases, the target signatures can exhibit shapes that are not Manuscript received December 11, 2014 ; revised April 4, 2015; accepted May 7, 2015 .
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that of approximate parabolas and hyperbolas. Lower radar frequencies are predicted to reveal such range migration effects on smear morphology more clearly. However, this use of broadside imaging geometry is only a subset of more general collection conditions corresponding to a nonzero squint angle [3] - [5] . The theoretical foundations of predicting the signatures induced by moving targets in squinted spotlight SAR imagery have been developed in [6] . This analysis includes the derivation of an approximate form for the 2-D impulse response (IPR) function for any small subaperture within the full SAR collection. This paper reveals that the coherent summation of a large number of nonoverlapping subaperture IPRs yields an excellent reproduction of the actual smear resulting from standard image formation applied to simulated radar measurements. This 2-D IPR function also leads to the central signature contour equations describing mover signatures within squinted spotlight collections. This paper extends the study in [6] by examining the specific effects of the squint angle on the morphology of the resulting mover smears. Specifically, this paper compares the results of the general theoretical developments with that of image formation applied to simulated radar data, thus buttressing the earlier derivations while providing insight into the issues associated with squint on mover phenomenology.
The previous [1] , [2] , [6] and current analyses are valid for all varieties of spotlight SAR image formation [3] , [4] , [7] - [9] , including the polar formatting algorithm (PFA), the range migration algorithm, and the chirp scaling algorithm. The extension of these techniques for stripmap SAR is reserved for future work and is not addressed in this paper.
The properties of moving target signatures have been studies for a number of researchers. Reference [1] contains a detailed history that is not repeated here, but a few salient points are provided. The general properties of moving target signatures in SAR imagery have been developed by a number of researchers [10] - [13] . Some researchers have developed specific methods for detecting and refocusing the smears resulting from moving targets [14] - [26] and for estimating their motion parameters [27] - [32] . Jao [33] revealed that moving targets give curved signatures in SAR imagery, which are related to range migration effects [34] , [35] . Specifically, this analysis examined such effects for constant velocity targets in stripmap SAR imagery. Some researchers [16] , [33] , [36] - [39] have considered the use of power series expansions for mover signature analysis but have found the number of expansion terms to be quite cumbersome [24] , [25] , [36] .
The challenges of power series techniques implied the necessity of investigating other methods. Subaperture techniques have been used with an analytic power series expansion in order to detect undesired multipath effects in SAR imagery [40] - [42] . A number of researchers have investigated SAR concepts using subapertures [43] - [48] , including adaptive processing techniques [49] - [51] and fast backprojection image formation [52] - [57] . Other SAR subaperture applications include target detection [58] , imaging [4] , [59] , [60] , and classification [61] , [62] .
Section II presents the theory of moving target signatures for squinted spotlight SAR collections. Section III generates the specific signature prediction equations for a number of types of target motion. Section IV presents numerical plots for comparing the theoretical results with that of image formation applied to simulated radar measurements. Finally, the conclusions are presented in Section V.
II. GENERAL TARGET SIGNATURES
This methodology begins by defining Cartesian coordinates with the ground reference point (GRP) {x, y, z} = {0, 0, 0} lying at the surface location where the radar main beam points during the spotlight SAR collection. The elevation above the terrain gives the coordinate z. The ground down-range from the platform location at the midpoint of the collection interval is the coordinate x. The ground cross-range coordinate y completes the right-handed coordinate system. The motion of a physical target with finite inertia can be expressed in terms of two arbitrary functions of slow time t in the x-and y-directions, respectively
Spotlight SAR data [3] - [5] can be collected for imaging geometries wherein the ground-plane squint θ g is nonzero.
Here, θ g is defined as the angle from the broadside direction towards the direction of the velocity vector. Thus, θ g is positive for angles toward the radar velocity vector, and this angle is negative for the opposite direction. This selection is consistent with the following parameterization of position as a function of slow time t for a radar that travels with constant speed, heading, and altitude relative to the ground plane
Here, V 0 is the constant speed, X 0 is the ground down-range relative to the GRP at the midpoint t = 0 of the collection, and Z 0 is the altitude above the ground plane. The upper sign in (3) corresponds to a radar pointing to the starboard side, and the lower sign corresponds to the port side. It is also convenient to define the following two constants:
The nth-order derivatives of the true target motion functions {α(t), β(t)} of (1) are used to compute the corresponding {x, y} components of the instantaneous target position {μ 0 (τ s ), ν 0 (τ s )} and velocity {μ 1 
Here, τ s is the parameterization used to generate the central contour and is based upon a concept of mean subaperture time in the original derivation [6] . Reference [6] contains a derivation of the following form for the generalized signature equations which give the size, shape, and location of the central contour of the smear induced by the moving target
It may appear that these equations have resulted from a power series expansion through only a second order in τ s /κ 0 . However, (7) and (8) are valid through all orders in this parameter [6] . Jao [33] applied a similar approach for generating the central smear contour for a constant velocity target in scanning SAR. This researcher was able to obtain a simple closed form for the contour for this particular case. However, such a simplification is not possible in general, particularly for some of the more complicated smear shapes studied herein.
The functions of (7) and (8) can be selected fully independently, provided that the target velocity component profiles {μ 1 (τ s ), ν 1 (τ s )} are consistent with those of the position {μ 0 (τ s ), ν 0 (τ s )}. Thus, this analysis can be applied to arbitrary self-consistent target motion profiles that need not be parameterized by some small number of motion constants. In addition, Garren [6] has shown that the width of the smear for an idealized point moving target is the same as the IPR width in the down-range direction for a stationary point target.
III. SPECIFIC MOTION EXAMPLES
The goal of this section is to develop analytical expressions for particular types of target motion. These equations are helpful in providing some insights into the various types and aspects of the motion that affects the signatures. These formulas will be used to generate examples in the subsequent Section IV.
A. Constant Velocity Targets
The general signature equations (7) and (8) are applied to various cases of the true target motion. The first considered is that of an idealized point scattering center that moves with constant velocity during the full SAR collection interval
with α 0 , α 1 , β 0 , and β 1 all being constants.
The use of (6) to compute the functions {μ 0 (τ s ), (7) and (8) yields the following form for the signature:
The particular signature contour equations are shown for this example and all that follow in order to clarify the effects of the terms that depend upon the radar squint angle θ g via ι 0 of (5) and those that do not.
The form of the signature in (11) and (12) is approximately that of a parabola, although the τ 2 s -order term in the y(τ s ) equation gives small nonparabolic corrections to the overall shape. This result applies for all values of the squint parameter ι 0 . In addition, (11) and (12) reveal that the smear is offset in the ground cross-range direction from the mean value of the true target location by a distance of κ 0 α 1 . That is, this displacement [63] is directly proportional to the ground downrange component of the target velocity. The sign of this offset term κ 0 α 1 determines whether the smear is offset to the right or left of the true target location. Furthermore, the distance between the true position and its smear is determined by the magnitude of κ 0 α 1 . Since κ 0 of (5) contains a factor of cos(θ g ) in the denominator, a large magnitude of the squint angle θ g will increase the value of κ 0 and thereby increase the distance of the offset between the true position and its smear.
The extent of the smear is governed primarily by the magnitude of the linear term in τ s within y(τ s ) in (12) . The inclusion of nonzero squint angles shows that the smear extent is directly proportional to the sum of two terms β 1 + ι 0 α 1 . If this sum is exactly zero, then the target signature is not smeared but instead appears focused as if it were exactly stationary. However, the smear is still displaced from its true location in the cross-range direction by a distance κ 0 α 1 , as discussed earlier. The sign of the sum of two terms β 1 + ι 0 α 1 also determines whether the roughly parabolic smear shape is either concave up or concave down.
The basic condition [1] that determines the necessity of the current 2-D analysis is whether the smearing in the down-range direction exceeds a single image resolution cell. This condition implies that the down-range resolution δ x must be less than the magnitude of the second term in (11), i.e.,
B. Constant Acceleration Targets
The second special case considered is that of a target which moves with constant acceleration
in terms of the parameters {α 0 , α 1 , β 0 , β 1 , α 2 , β 2 }. The signature follows from the use of (7) and (8), with the required derivatives μ n (τ s ) and ν n (τ s ) obtained from (14) and (15) through (6) . The resulting values of μ 0 (τ s ), μ 1 (τ s ), ν 0 (τ s ), and ν 1 (τ s ) are inserted into (7) and (8) to yield
Again, the mean cross-range location of the smear is offset [63] from its true value by the distance κ 0 α 1 , as discussed in the previous section. However, the cross-range extent of the smear is modified by the addition of a term proportional to 2ι 0 α 1 , which can add or subtract from the values of the other two terms κ 0 α 2 and 2β 1 that are proportional to τ s in (17) . That is, the sign of the 2ι 0 α 1 term can be positive or negative so that it can serve either to increase or decrease the smear extent that is due to the other two components. This same combination of κ 0 α 2 + 2β 1 + 2ι 0 α 1 also determines whether the parabolic part of the smear signature, as determined by the secondorder term in (16) , is either concave up or concave down. Furthermore, both the down-range and cross-range components of the signature also contain terms that are third order in τ s .
C. Constant Turning Radius Targets
This section considers the case of a uniform turning radius target with constant speed, i.e.,
with the phase angle ω(t) defined by
The motion is therefore is described by the parameters {α 0 , β 0 , v 0 , ρ 0 , φ 0 }. The upper signs in (18) and (19) give target turning motion to the left, and the lower signs correspond to rightward motion. The parameters κ 0 and ι 0 of (5) contain sign dependence as well, in order to model a right-pointing radar main beam versus one that aims to the left. Since the sign dependence is embedded within the definitions of κ 0 and ι 0 and not extracted explicitly, there is no ambiguity. The use of (18) and (19) in (7) and (8) gives
Equations (21) and (22) exhibit some smear components that arise even for zero squint angle, i.e., ι 0 = 0, and other terms that arise only for nonzero squint angle. These various terms can be either additive or subtractive with regard to the overall smear extent and concavity.
D. Hyperbolic Tangent Speed Targets
The final example considered is that of a constant-heading target with a hyperbolic tangent speed profile, i.e., tanh(t), corresponding to a position profile that is proportional to ln(cosh(t))
in terms of the function ψ(t) ≡ {t − t 0 }/γ 0 and the parameters {α 0 , β 0 , v 0 , w 0 , γ 0 , φ 0 , t 0 }. Equations (23) and (24) model a target that changes from one speed to another, as with a braking maneuver, wherein t 0 signifies the central time of this transition. The parameter w 0 corresponds to half of the total change in speed, and γ 0 gives the approximate time interval over which this change in speed occurs. The use of (23) and (24) in (7) and (8) yields
IV. CONTOUR COMPARISONS WITH SIMULATIONS
The parametric equations for the central signature contours are compared with the moving target smears obtained from standard SAR image formation applied to simulated radar measurement data. For the following examples, the radar moves with constant speed on a straight and level flight path, but with different squint angles. The following notional platform parameters are used in (2) Each range bin includes an independent complex-valued Gaussian noise sample, as is frequently applied in SAR simulations, e.g., [4] . This model is consistent with band-limited noise that results after the radar echoes have been filtered after thermal sources have entered the receiver front end. For each of these examples, the signal-to-noise ratio is approximately 40 dB for each of the complex-valued range profile measurements.
The exact true target trajectory of (1) is used in generating the range values corresponding to the radar echoes. The images are generated using PFA to simulated radar measurements. Thus, the original I and Q samples corresponding to the radar echoes lie on a circular annulus within the spatial frequency coordinates. Then, these phase history data are resampled onto a uniform rectilinear grid. Finally, a 2-D discrete fast Fourier transform is applied to these Cartesian-resampled phase history data in order to generate the images of the target smears. The full image formation details are provided in [6] and are not repeated here for brevity.
A. Constant Velocity Targets
For the first example, the radar main beam is assumed to be pointed off toward the left of the platform, with a groundplane squint angle of 40
• forward of broadside. The leftward main-beam direction implies the lower signs in (3) Fig. 1 presents the target trajectory in the ground plane, with the circles at 1-s intervals. The target velocity direction is from far to near range.
Figs. 2 and 3 show the smear induced by target motion during the PFA image formation process. Examination of the different horizontal and vertical scales in Fig. 2 reveals that the smear lies primarily in the radar cross-range direction. This figure indicates that there is a slight upward bowing of the signature for this particular set of radar and target parameters. In addition, this figure shows an overlay of the predicted signature of (11) and (12) . Comparison of the PFA result and the central contour reveals excellent agreement in terms of shape, size, and absolute location within the overall SAR scene.
In Fig. 2 and all that follow, the image data have been upsampled by a factor of 2.5 by zero padding the phase history. Such processing gives a smoother and more pleasing look to the imagery and is conducive to the examination of the signature prediction overlays. However, no aperture weighting has been applied to the data, in order to avoid spoiling the smear mainlobe width at the expense of retaining higher sidelobes. Fig. 3 considers the case in which the radar and target are characterized by the same parameters of Fig. 2 , but with the sign of the squint angle flipped, i.e., θ g = −40
• , so that the radar main beam points aft port. The resulting smear flips to be concave down, whereas the case with positive squint in Fig. 2 is concave up. The prediction curve is computed according to (11) and (12) and yields excellent agreement in shape, size, and location relative to the image formation smear.
The agreement of contours with corresponding smears is excellent for these two cases, particularly considering the 2.5 oversampling factor in down-range. That is, the discernable down-range pixel values are sampled at this higher rate, and the alignment appears to be very precise in both down-range and cross-range. This paper has included a calibration of the image formation coordinate system based upon a number of stationary idealized point scattering centers, providing support for the accuracy of the prediction contours.
B. Constant Turning Radius Targets
This section examines the validity of (21) and (22) for constant turning radius targets moving with uniform speed. For both examples that follow, the target has a finite turning radius and travels with the same speed and average heading as for the constant velocity target: α 0 = 0.0 m, β 0 = 0.0 m, v 0 = 14 m/s, φ 0 = 170
• , and ρ 0 = 500 m. Fig. 4 gives the target trajectory with circles denoting 1-s intervals. The radar main beam is aimed starboard at θ g = 40
• , giving the upper sign in (3) and (5). Fig. 5 presents the corresponding image formation smear, with an overlay of the predicted contour obtained via (21) and (22) . Clearly, this result does not have the traditional parabolic or hyperbolic shape but instead has the appearance of two separate smears of opposite concavity which are connected at one end. The theory herein provides a solid means of predicting the overall shape, size, and cross-range offset of the mover smear. The slight discrepancy between the contour and smear is less than 1/2 of a down-range resolution cell.
It is interesting that the relatively gentle turning motion of the target in Fig. 4 , which has the same speed and mean heading of that in Fig. 1 , gives image smears with such significantly different features. This characteristic follows from the large value of κ 0 ∼ = −200 s of (5) in the modeled radar platform. This result enhances the effects of the down-range target acceleration α 2 relative to the velocity terms α 1 and β 1 via (16) and (17), which applies since this turning target has approximately constant acceleration. A deeper understanding of these signatures can be inferred by examining the down-range x(τ s ) and cross-range y(τ s ) components, as given by Fig. 6 . A primary cause of the nonparabolic The next example examines the same target motion and radar parameters, but with θ g = −40
• . Fig. 7 presents an asymmetrical result, with the smear more extended for the smaller values of the cross-range. In addition, this figure confirms that (21) and (22) give excellent agreement in signature shape, extent, and location with regard to the image formation result.
Insight can be gleaned from the examination of the separate down-range and cross-range components of the predicted signature, as shown in Fig. 8 . Here, the linear τ s component in y(τ s ) is dominant over the quadratic component, unlike that of the previous case. In addition, the down-range component x(τ s ) gives an asymmetrical profile in terms of τ s based upon this value of ι 0 .
C. Slow Constant Turning Radius Targets
The signatures of slower targets are also of interest to the geoscience community [39] . The corresponding smear extent and range migration effects are less pronounced generally. The next example considers a constant turning radius target with 1/10 of the speed of Fig. 4 . However, this target is selected to execute a full left turn through 90
• during the SAR collection in order to give a larger acceleration contribution to the signature. Specifically, the true target motion parameters are as follows:
• , and ρ 0 = 13.37 m. The true target trajectory is shown in Fig. 9 . Fig. 10 shows the induced smear and an overlay of the predicted signature, for a ground-plane squint angle of θ g = 40
• . Again, excellent agreement is obtained. The two components of the predicted signature are given in Fig. 11 . The case of θ g = −40
• for the same slow target of Fig. 9 is given in Fig. 12 , with the predicted components shown in Fig. 13 . Again, the predicted signature accurately overlays the target smear. A more thorough investigation of the range migration effects of such slow targets is reserved for future research. 
D. Hyperbolic Tangent Speed Targets
The next example is a hyperbolic tangent speed target given by (23) and (24) Fig. 14(a) , and the corresponding speed profile is shown in Fig. 14(b) . Fig. 15 shows the result of PFA image formation applied to simulated radar data. This figure reveals that the smear signature is not parabolic but instead has a large span in the middle with almost zero curvature. This interior region has diminished intensity relative to the endpoints, possibly resulting from self-interference [6] due to the synthesis of the various subaperture contributions in generating the full aperture smear. The investigation of the details of such effects is beyond the scope of the current paper and thus is reserved for future research. Fig. 15 presents the predicted signature contour resulting from (25) and (26), showing excellent agreement with the underlying PFA smear. The corresponding component signature curves in the down-range x(τ s ) and cross-range y(τ s ) are given in Fig. 16 . The flattening of the signature in the middle of Fig. 15 follows from the relatively strong gradient in the middle of y(τ s ) in Fig. 16(b) .
The relatively small speed change in this example gives a significantly different PFA smear than for the similar constant velocity case of Fig. 2 . The only difference between the input parameters for these two cases is the small change in speed for the braking target, as shown in Fig. 14(b) . This result provides another example of the strong effects of acceleration on signature morphology, as perpetrated through the relatively large value of κ 0 via the κ 0 w 0 cos(φ 0 ) tanh(ψ(τ s )) term in (26) for y(τ s ). Fig. 17 considers the same set of target and radar parameters as in Fig. 15 , but with the radar squinted away from the direction of motion, i.e., θ g = −40
• . Again, the signature contour prediction equations (25) and (26) give excellent agreement with the PFA image smear based upon simulated radar measurements. Fig. 18 shows the signature prediction curves for down-range x(τ s ) and cross-range y(τ s ). In particular, Fig. 18 The specific equations of the down-range and cross-range components of the smear signature equations presented herein contain complicated sums of analytic functions, such as the sine, cosine, and hyperbolic tangent, and analytic functions of analytic functions, such as the natural logarithm of the hyperbolic cosine function. The computations of the predicted signature curves based upon the parameters of the true target motion has given excellent agreement with the results of PFA image formation applied to simulated radar data in terms of smear shape, extent, and location. The agreement of these results gives credence to the validity of the generic signature prediction equations upon which the specific results are based. Thus, the developed equations can provide an effective tool in predicting the properties of moving target signature smears under the wide span of spotlight SAR collection geometries enabled via squinted SAR collections.
It is interesting that the wide variety of signature shapes can be obtained by the three examples of true target motion contained herein. All three are similar in terms of mean heading and mean speed, with relatively minor deviations in these motion quantities, yet significantly different shapes arise for the image smears and the corresponding signature contours. This effect seems to occur even for relatively small values of target acceleration, which can become important to overall signature shape and extent if the corresponding κ 0 coefficient is large for the considered collection geometry.
Overall, this analysis indicates that relatively small target motion variations can have significant effects upon the resulting 2-D smear in squinted spotlight SAR imagery. Thus, it is possible to develop methods that attempt to extract subtle target motion features based upon image smears. In addition, there can be advantages to collecting data at particular squint angles, if the resulting 2-D smear is expected to reveal salient target properties. Ultimately, these methods offer the potential of inferring target motion effects based upon SAR image signatures. Furthermore, these techniques can benefit algorithms that provide automatic target focus based upon input smears.
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